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( 1 )
(1)  INTRODUCTION.
0
The c l a s s i c a l ,  n o n - r e l a t i v i s t i c , wave mechanics o f  L .de 
B ro g l i e  and S ch ro ed in g e r  has  ach ieved  c o n s id e r a b le  su ccess  
in  t h e  i n t e r p r e t a t i o n  of  atomic phenomena. There a r e  however 
s e v e r a l  phenomena which remain un ex p la in ed  by th e  e lem en ta ry  
t h e o r y .  The p r i n c i p l e  d i f f i c u l t i e s  a r i s e  in  th e  problems o f  
f i n e  s t r u c t u r e  in  o p t i c a l  and X-Ray s p e c t r a ,  and in  th e  
Zeeman e f f e c t .
Using th e  methods o f  th e  o ld  quantum th e o ry  Sommerfeld 
( r e f . l )  was a b le  t o  deduce a form ula  g iv in g  t h e  f i n e  s t r u c ­
t u r e  o f  th e  energy l e v e l s  o f  h y d ro g e n - l ik e  atoms. The e l e c ­
t r o n  was assumed to  fo l lo w  an e l l i p t i c a l  p a th  d e s c r ib e d  by 
a t o t a l  quantum number *n’ and an az im utha l  quantum number 
*k*. Account be ing  tak en  o f  th e  v a r i a t i o n  o f  the  mass of  th e
e l e c t r o n  w i th  i t s  v e l o c i t y ,  as g iv en  by th e  t h e o ry  o f  r e l a t ­
i v i t y ,  t h e  energy o f  the  o r b i t  becomes
1 r  z XR N h a N
 1  j   ^ ■*  • • • • ( 1 )
where R i s  Rydberg’ s c o n s ta n t  and N i s  t h e  atomic number o f  
t h e  e lem en t .  The q u a n t i t y  ’ a* i s  t h e  f i n e  s t r u c t u r e  c o n s ta n t  
g iv e n  by
_ 1 , , a = (e  i n  O .E .S .U .)
The fo rm u la  (1 ) d e s c r i b e s  f a i r l y  a c c u r a t e l y  t h e  f i n e  
s t r u c t u r e  o f  the  s p e c t r a  o f  atomic hydrogen ,  s i n g l y  io n iz ed
( 2 )
he l ium  e t c .  I t  i s  not  e x a c t ,  however,  s in c e  i t  does no t  p r e ­
d i c t  enough components, ( r e f .  2 )
The energy l e v e l s  g iv en  by n o n - r e l a t i v i s t i c  wave mechan­
i c s  a re
R N*'h r  b' n’’ /  n
~ \ ~ i  -  T j j -  • •
where L = k - 1 .
The s e p a r a t i o n  o f  th e  energy l e v e l s  g iven  by eq u a t io n  (2) 
i s  much l a r g e r  th a n  t h a t  g iv e n  by e q u a t io n  ( l )  and i s  no t  i n  
agreement w i th  expe r im en t .  Hence wave mechanics in  i t s  o r i g ­
i n a l  form f a i l s  t o  accpunt s a t i s f a c t o r i l y  f o r  th e  f i n e  s t r u c ­
t u r e  o f  t h e  s p e c t r a  o f  h y d ro g e n - l ik e  atoms, ( r e f .  3 ) .
.The m u l t i p l e t  s t r u c t u r e  o f  the  s p e c t r a l  energy te rm s  of  
atoms w i th  more th a n  one e l e c t r o n  appeared to  the  e a r l y  
workers  to  be q u i t e  d i s t i n c t  from th e  f i n e  s t r u c t u r e  shown 
by h y d ro g e n - l ik e  atoms. Sommerfeld found i t  n e c e s s a ry  to  
in t r o d u c e  an a d d i t i o n a l  *'i n n e r ’* quantum number j = L -  ? to  
account f o r  th e  m u l t i p l e t  s t r u c t u r e  o f  b o th  o p t i c a l  and X-Ray 
s p e c t r a .  By t h i s  means he found a f i n e  s t r u c t u r e  f o r  X-Ray 
s p e c t r a  and f o r  the  o p t i c a l  s p e c t r a  o f  th e  a l k a l i  m e ta l s  
i d e n t i c a l  w i th  t h a t  g iv e n  by e q u a t io n  ( l ) ,  excep t  t h a t  t h e  
atomic number N i s  r e p la c e d  by (N -  z ) ,  where t h e  te rm  *z*
. acco u n ts  f o r  th e  s c re e n in g  o f  th e  n u c leu s  by th e  i n n e r  o rb ­
i t a l  e l e c t r o n s .
/
Uhlenbeck and Goudsmit sugges ted  a h y p o th e s i s  to  e x p la in  
t h e  s i g n i g i f a n c e  o f  th e  new h a l f - i n t e g r a l  quantum number.
They proposed t o  c o n s id e r  t h e  e l e c t r o n  as a sp in n in g  sp h e re
( 3 )
o f  e l e c t r i c i t y  p o s s e s s in g  a n g u la r  momentum 7^  and a magne-
t i c  moment B -  i , equa l  to  th e  Bohr magneton. The two
v a l u e s  o f  j  f o r  each  v a lu e  o f  L co r respond  to  o p p o s i t e  s e t ­
t i n g s  o f  th e  s p in  a x i s .
The r a t i o  o f  t h e  magnetic  to  t h e  m echan ica l  moment i s  
e/ra^c, which i s  tw ice  th e  c o r re sp o n d in g  r a t i o  f o r  an e l e c t r o ­
n i c  o r b i t .  " T h is  i s  th e  v a lu e  t h a t  i s  n e c e s s a r y  to  e x p la in  
th e  Zeeman e f f e c t  and th e  Gyromagnetic Anomaly in  f e r r o ­
magnetic  m e t a l s ,  ( r e f . i f ) .
We th u s  f i n d  t h a t  th e  s p l i t t i n g  o f  s p e c t r a l  l i n e s  in  t h e  
ca se  o f  h y d ro g e n - l ik e  atoms came to  be a t t r i b u t e d  t o  a r e l ­
a t i v i t y  c o r r e c t i o n ,  w h i l s t  in  th e  c a se  o f  a l l  o t h e r  atoms i t  
was a t t r i b u t e d  to  t h e  s p in  o f  the  e l e c t r o n .  The s i m i l a r i t y  
o f  th e  r e s u l t s  in  th e  two c a se s  th u s  appeared  to  be due t o  
a c c i d e n t ,  ( r e f . 5 ) .
In  t h i s  p ap e r  we s h a l l  f i r s t  c o n s id e r  how th e  c o n c e p t io n  
o f  e l e c t r o n  s p in  i s  to  be in c o rp o ra te d  in t o  wave m echan ics .  
We s h a l l  th e n  r e fo rm u la te  wave m echanica l  t h e o r y  in  a cco rd ­
ance w i th  t h e  r eq u i rem e n ts  o f  th e  s p e c i a l  t h e o ry  o f  r e l a t i ­
v i t y ,  and show t h a t  th e  s p in  and t h e  magnetic  moment o f  t h e  
e l e c t r o n  a r i s e  q u i t e  n a t u r a l l y  in  th e  p r o c e s s .  F i n a l l y  we 
s h a l l  see  t h a t  th e  ex ac t  r e l a t i v i s t i c  t h e o ry  o f  wave mechan­
i c s  p r o v id e s  a s a t i s f a c t o r y  s o l u t i o n  o f  th e  problems enumer­
a ted  above.
(4 )
(2 )  WAVE-MECHANICAL REPRESENTATION OF ANGULAR MOMENTUM.
The o r b i t a l  moment o f  momentum o r  a n g u la r  momentum o f  a 
p a r t i c l e  about a p o in t  O, ta k e n  as  o r i g i n  of  c o - o r d i n a t e s ,  
i s  d e f in e d  by t h e  v e c t o r  p ro d u c t .
M = l^r x p j ............................................................. (3)
which h as  r e c t a n g u l a r  components
° yPi-ZPy
My = ZPx-XPj 
= xpy-yPx
In  Wave mechanics t h e s e  q u a n t i t i e s  w i l l  be r e p la c e d  by 
o p e r a t o r s  ( s ee  p a rag raph  4 ) such t h a t  .
L A )  L )
(Mx) = 2Ti ( y ^ ~  z ) y )  = XTÛ %
(My) = V . . . (L)
(Mz) = i k
Where t h e  o p e r a t o r s  (M;) a re  th e  wave m echan ica l  e q u i v a l e n t s  
o f  th e  q u a n t i t i e s  , w h i l s t  the  ang les  r e p r e s e n t  t h e  a z i ­
muths about t h e  co r re sp o n d in g  axes .
I t  can  be shown e a s i l y  t h a t  the  p ro p e r  v a lu e s  o f  the  o p e r ­
a t o r s  (M;) have th e  form ^  m, where m i s  an i n t e g e r .  Thus ^  
may be c o n s id e re d  to  be a fundamental  u n i t  o f  a n g u la r  momen­
tum.
( 5 )
Let us  now c o n s id e r  th e  o p e r a t o r  c o r re sp o n d in g  t o  the  
magnitude o f  m \  We have
(mQ = ( u S +  (My)% (M .^ f
and th e  p ro p e r  v a lu e s  o f  (M^) can be shown to  be + 1 ) ,
where L i s  an i n t e g e r .
The o p e r a t o r  (M^) commutes w i th  th e  o p e r a t o r s  (M^) b u t  
th e  l a t t e r  do n o t  commute w i th  each o t h e r .  Hence t h e  s i m u l t ­
aneous measurement o f  any two o f  th e  q u a n t i t i e s  i s  s u b j e c t  
to  th e  r e s t r i c t i o n s  imposed by H e is e n b e rg ’ s u n c e r t a i n t y  p r i n ­
c i p l e .  The r e l a t i o n s  o f  non-commutation between t h e s e  o p e ra ­
t o r s  a re  v e ry  im p o r ta n t .  To examine them we w r i t e  t h e  o p e ra ­
t o r s  in  te rm s o f  th e  u n i t  ,
(M;) = 5 ^  ( j  = x , y , z )
where t h e  q u a n t i t i e s  m^  a re  o p e r a t o r s  which, from e q u a t io n  
( 4 ) ,  a r e  seen  t o  obey th e  laws
= -im^[m^, mj
m j  = -Im* .   (5)
^nij,  niyj -  -Iniy ^
I t  can be shown t h a t  th e  r e l a t i o n s h i p s  (5)  l i n k  th e  ang­
u l a r  momenta w ith  th e  group o f  s p a c i a l  r o t a t i o n s ,  which obey 
an ana logous  law o f  non-commutation, ( r e f . 6 )
We must now c o n s id e r  th e  sp in  a n g u la r  momentum. Let th e
( é )
s p i n  o f  a p a r t i c l e  have  components Sy, 8^ ,  r e p r e s e n t e d  
by th e  o p e r a t o r s  ( 8 %), ( S y ) ,  ( S ^ ) .
The m agn i tude  o f  S'^ w i l l  be r e p r e s e n t e d  by an o p e r a t o r  
such  t h a t
. ( S ‘ ) = ( 8 , ) '  + ( S y f  + ( 8z)*
The s p i n  o p e r a t o r s  a re  assumed t o  be r e l a t e d  t o  t h e  group  
o f  s p a c i a l  r o t a t i o n s  in  t h e  same way as  a r e  t h e  o r b i t a l  ang­
u l a r  momentum o p e r a t o r s .  The t h e o r y  o f  t h e  s p in  o p e r a t o r s  
may th u s  be deduced d i r e c t l y  by an a lo g y  w i th  o u r  p r e v i o u s  
r e s u l t s .  We go one s t e p  beyond th e  r e s u l t s  f o r  th e  o r b i t a l  
c a s e  i n  assuming t h e  p o s s i b i l i t y  o f  h a l f - i n t e g r a l  p r o p e r  
v a l u e s .  Thus we w r i t e  th e  p r o p e r  v a l u e s  o f  ( 8 ^) as  ^ s ( s  + 1 ) 
where  s may be i n t e g r a l  o r  h a l f - i n t e g r a l .
The o p e r a t o r s  ( 8 , )  w i l l  be w r i t t e n
( 8 ; )  -  s^ - ( j  = x , y , z ) ................................(6)
Where t h e  o p e r a t o r s  s  ^ obey t h e  non-com m uta t ion  r u l e s
S y , S j =  - i s ^
S y , = - i S y
s ^ . «  - i S y
(7 )
In  t h e  c a s e  o f  an e l e c t r o n  t h e  h y p o t h e s i s  o f  Uhlenbeck 
and Goudsmit a s s i g n s  t h e  v a l u e s  t  t o  each  o f  t h e  q u a n t i t i e s  
8  ^ . We t h u s  see  t h a t  t h e  p ro p e r  v a l u e s  o f  Sj w i l l  i n  t h i s  
c a s e  be 1
( 7 )
We t h u s  w r i t e
= 2 Sj- ( j  = x , y , z ) ........................... ( 8 )
and seek  f o r  t h r e e  o p e r a t o r s  Cr. which have t h e  p r o p e r  v a l u e s  
±1 and a r e  such  t h a t  t h e  o p e r a t o r s  s^ w i l l  s a t i s f y  t h e  equa­
t i o n s  ( / ) •  T h is  can be done most s im p ly  by  assuming t h a t  t h e  
o p e r a t o r s  a r e  m a t r i c e s  w i th  two rows and two columns.  As we 
s h a l l  see  l a t e r  in  t h e  ana logous  c a s e  in  D i r a c ’ s t h e o r y  t h e  
c h o i c e  o f  m a t r i c e s  i s  l a r g e l y  a r b i t r a r y .  We s h a l l  adop t  t h e  
f o l l o w i n g  s e t  o f  t h r e e  ’’P a u l i  m a t r i c e s ” which g i v e  a s p e c i a l  
p rom inence  t o  t h e  z - a x i s ,
(9 )
These m a t r i c e s  which a r e  c l e a r l y  H e r m i t i a n  can e a s i l y  be 
shown t o  s a t i s f y  t h e  c o n d i t i o n s  l a i d  down. T h e i r  s i g n i f i c a n c e  
w i l l  become a p p a re n t  i n  t h e  n e x t  p a r a g r a p h .
( 3 ) .  PAULI'S THEORY.
We s h a l l  c o n s i d e r  v e ry  b r i e f l y  t h e  a t t e m p t  made by P a u l i  
t o  i n c o r p o r a t e  t h e  h y p o t h e s i s  o f  e l e c t r o n  s p i n  i n t o  wave- 
m e c h a n ic s .  ( r e f .  / ) •
P a u l i ’ s i d e a  was to  r e p r e s e n t  t h e  two p o s s i b i l i t i e s  o f  t h e  
s e t t i n g  o f  an e l e c t r o n ’ s s p i n  i n  a g iv e n  d i r e c t i o n  by  t h e  u se  
o f  a wave f u n c t i o n  w i th  two components and 
We t h e n  w r i t e ;
' ( 8 )
X  = 4  "  14^ 1
( 10)
TT -  X 4'i ^t = i4 ' ir<^'^
where Ttf i s  t h e  p r o b a b i l i t y  t h a t  t h e  e l e c t r o n  i s  i n  th e
e lem e n t  o f  volume c ( r w h i l s t  t h e  v a l u e  o f  th e  s p in  a n g u l a r
momentum in  t h e  z - d i r e c t i o n  i s  -f . S i m i l a r l y  7T. i s  t h e
p r o b a b i l i t y  t h a t  t h e  e l e c t r o n  i s  i n  t h e  e lem ent  o f  volume d x
w h i l s t  t h e  v a l u e  o f  t h e  s p i n  in  th e  z - d i r e c t i o n  i s  -  ./ 471
The f u n c t i o n s  a r e  n o rm a l i z e d  by w r i t i n g
= 1  ( 1 1 )
y
t h e  i n t e g r a t i o n  b e in g  c a r r i e d  o u t  o v e r  t h e  whole domain 
d e n o te d  by D.
We have now t o  deduce t h e  wave e q u a t io n  f o r  t h e  two-comp­
o n e n t  wave f u n c t i o n  ^  , which  we assume to  have t h e  form o f  
a s i n g l e  column m a t r i x ,
The o p e r a t i o n  o f  a m a t r i x  A w i th  two rows and two columns 
upon Ip i s  g iv e n  by
A (^  = ^ A „ „ 4 i = 1 , 2 ) .............................. (12 )
'n
Now S c h r o e d i n g e r ’ s wave e q u a t io n  can be w r i t t e n  i n  t h e  
fo  rm
( 9 )
» * ^  = 0   ( 1 3 )
w here  H i s  t h e  wave m ech an ica l  H a m i l to n ia n  o p e r a t o r  c o r r e s ­
pond ing  t o  t h e  c l a s s i c a l  H am i l to n ia n  f u n c t i o n .  We h a v e ,  
s y m b o l i c a l l y ,
_ L  X
B 4 U  (14 )
where  p i s  t h e  momentum o p e r a t o r  and u r e p r e s e n t s  t h e  p o t ­
e n t i a l  e n e rg y .
For  an e l e c t r o n  in  a m agne t ic  f i e l d  K t h e r e  w i l l  be an 
a d d i t i o n a l  p o t e n t i a l  en e rg y  te rm  g iv e n  by
-  ( K . / )  ■ ....................................... ( 1 5 )
Where i s  t h e  m agne t ic  moment o f  t h e  e l e c t r o n  due t o  i t s  
s p i n .  Using t h e  v a lu e  o fy q  g iv e n  by  t h e  h y p o t h e s i s  o f  Uhlen­
beck  and Goudsmit ,  we o b t a i n  from ( I 5 ) ,  ( 6 ) ,  ( 8 ) ,
ü^= -  B (K.Cr.)  ( 1 6 )
w here  cr i s  t h e  o p e r a t o r  w i th  components cç, .
»
We now add U^ to  a H am i l to n ia n  g e n e r a l i s e d  t o  o p e r a t e  
upon  t h e  two-component f u n c t i o n  (p, t h u s
[(  ^  P %  u ) ^ -  B ( K . ^ p  = 0  ( 1 7 )
Ç f l  0
Where 0 = /  i s  th e  u n i t  m a t r i x .
0 1
( 10)
We t h u s  o b t a i n  two e q u a t i o n s  f o r  t h e  components o f  p ,
which we w r i t e
'( + u )  -  B k J  -  • Kx + IKy
. . . . (18 )
p" + u) 4 B - [ k  ^ -  iky - 4/'  = 0
These e q u a t i o n s  t a k e  u s  a s t e p  beyond S c h r o e d i n g e r ’ s 
e l e m e n ta r y  wave m echan ics  s i n c e  accoun t  i s  now t a k e n  o f  t h e  
magnetism  o f  t h e  e l e c t r o n .
We s h a l l  n o t  p u r s u e  t h e  s tu d y  o f  P a u l i ’ s t h e o r y  any 
f u r t h e r .  We do n o t  ex p ec t  i t  t o  be  e x a c t ,  s i n c e  no ac co u n t  
h as  b e e n  t a k e n  o f  t h e  r e q u i r e m e n t s  o f  r e l a t i v i t y ,  and in  
f a c t  t h e  t h e o r y  does  n o t  g i v e  c o r r e c t  r e s u l t s  f o r  t h e  f i n e  
s t r u c t u r e  o f  t h e  s p e c t r a  o f  h y d r o g e n - l i k e  a tom s.
The im por tance  o f  P a u l i ’ s t h e o r y  l i e s  in  t h e  f a c t  t h a t  i t  
r e v e a l s  t h e  p o s s i b i l i t y  o f  i n c o r p o r a t i n g  th e  h y p o t h e s i s  o f  
s p i n  and p r o p e r  m agnet ic  moment i n t o  wave m ech an ic s ,  by u s in g  
a Wave f u n c t i o n  w i th  more t h a n  one component.  D i r a c  was 
g u id e d  by P a u l i ’ s work when he deduced h i s  more e x a c t  t h e o r y ,  
w hich  w i l l  be dev e lo p ed  in  t h e  su c cee d in g  p a r a g r a p h s  o f  t h i s  
p a p e r .
( 4 ) .  THE RELATIVISTIC MOMENTUM OPERATORS.
* We must now c o n s i d e r  t h e  r e l a t i v i s t i c  g e n e r a l i z a t i o n  o f  
wave m e c h a n ic s .
( 11 )
The n o n - r e l a t i v i s t i c  wave e q u a t i o n  may be deduced by th e  
an a lo g y  be tw een  t h e  v a r i a t i o n  p r i n c i p l e s  o f  M au p e r t iu s  and 
H am i l to n  in  m e ch an ic s ,  and F e rm a t ’ s p r i n c i p l e  in  g e o m e t r i c a l  
o p t i c s .
The e x p r e s s i o n  f o r  t h e  v a r i a t i o n  o f  t h e  a c t i o n  o f  t h e  p a t h  
o f  a p a r t i c l e  may be  w r i t t e n  in  t h e  form
S l ^ P j d q .  -  W d t j  .  0 ( j  = 1 ,2 ,3 )  • • • (19 )
w here  W i s  t h e  e n e rg y  o f  th e  p a r t i c l e  and p ;  r e p r e s e n t s  t h e  
component o f  momentum c o n j u g a t e  to  th e  c o - o r d i n a t e  q^  .
S t a r t i n g  from e q u a t io n  (19) '  S c h r o e d i n g e r ’ s wave e q u a t i o n  
can  be deduced ( r e f . 8 ) and may be w r i t t e n
V < P *  — ^ - 7 7 -  o f -  0 . . .  . . ( 2 0 )
o r  a l t e r n a t e l y ,  as  in  e q u a t i o n  ( I 9 )
We can  w r i t e  e q u a t io n  ( I 4 ) f o r  th e  H a m i l to n ia n  a s
H = + Uj ( j  = 1 , 2 , 3 )  . . . .  (2 1 )
E q u a t io n s  ( I 3 ) and ( 2 0 ) a re  seen  t o  be e q u i v a l e n t  i f  we 
r e p l a c e  t h e  c l a s s i c a l  momentum components p^ in  ( 2 1 ) by t h e  
o p e r a t o r s  g iv e n  by
.1 __ _  L ^  p
* ; iX t  ” ^ ' 2 , 3 )  . . . , . ( 2 2 )
( 12 )
In t h e  s p e c i a l  c a s e  where t h e r e  i s  no p o t e n t i a l  f i e l d ,  
e q u a t i o n  ( 1 9 ) msiy be  w r i t t e n  in  a form which i s  more i n  a c c ­
o rd an ce  w i t h  r e l a t i v i s t i c  id e a s  by  a d o p t in g  Minkowski co­
o r d i n a t e s  and momenta. Thus, p u t t i n g  p^  -  imc and q^  ^ " i c t  
e q u a t i o n  ( I 9 ) may be w r i t t e n
(y x -  1 , 2 , 3 , 4 ) . . . ( 2 3 )
From t h i s  e x p r e s s i o n  we can  deduce th e  wave e q u a t io n  f o r  
a f r e e  p a r t i c l e
.................................... ( 2 4 )
2.
The ep e rg y  i n  t h i s  ca se  i s  me = - i c p ^  and we can now 
ex ten d  e q u a t io n  ( 2 2 ) t o  a l l  f o u r  components ,  t h u s
r - f  = 5FT   ( 2 5 )
As ca n  be  seen  from e q u a t i o n s  ( I 9 ) and (21)  t h e  f o u r t h  
o f  t h e  r e l a t i o n s  ( 2 5 ) w i l l  n o t  h o ld  i n  a f i e l d  o f  f o r c e .  Thus 
in  g e n e r a l  we do n o t  e x p ec t  t h e  e q u a t i o n s  ( 2 5 ) t o  be t r u e  in  
an e l e c t r o - m a g n e t i c  f i e l d .  To d e te rm in e  t h e  g e n e r a l  form o f
t h e s e  e q u a t i o n s  we c o n s i d e r  t h e  f o r c e  on t h e  p a r t i c l e ,  which
i s  g iv e n  i n  empty space  by t h e  well-known e q u a t i o n
f = e ^ J  + — I v x K ( 2 6 )
where  e i s  t h e  c h a rg e  on th e  p a r t i c l e ,  J  i s  t h e  e l e c t r i c  
f i e l d  and K i s  t h e  m agne t ic  f i e l d .  These l a t t e r  q u a n t i t i e s
(13)
depend on t h e  s c a l a r  and v e c t o r  p o t e n t i a l s  a c c o rd in g  to  t h e  
e q u a t  io n s
I ^  A ^
J  = -  g r a d  V -
> .......................................... ( 2 7 )
K = c u r l  A J
We s u b s t i t u t e  t h e s e  e x p r e s s i o n s  in  (26)  w h i l s t  i n t r o d u c i n g  
Minkowski c o - o r d i n a t e s  and a f o u r - v e c t o r  p o t e n t i a l  g iv e n  by
(A, , A^j A j , A  ^) =  ( Ay , Ay , A^  , i v )
We t h u s  f i n d  t h a t  th e  components o f  th e  "New tonian” f o r c e  
on t h e  p a r t i c l e  a r e  g iv e n  by
............................................
Now a g e n e r a l  e x p r e s s i o n  f o r  f ^  which  i s  t r u e  in  any 
sys tem  o f  c o - o r d i n a t e s  i s  { r e f . 9)
j - ^  _   ( 2 9 )
L cLt
Thus f rom  (28)  and ( 2 9 ) ,
............................................
w here  ^  ~ Pyt ^  (31)
Prom t h e  an a lo g y  between  ( 29 ) and ( 3 0 ) t h e  v a r i a t i o n
* = ^ J l - ^  i s  a component o f  t h e  Minkowski f o r c e
( 14)
p r i n c i p l e  may be  w r i t t e n  as
a;P/. dq = 0  ( K =  1 , 2 , 3 , 4 )  . . . ( 3 2 )
The r e l a t i v i s t i c  wave e q u a t io n  i s  th u s  to  be deduced from 
e q u a t i o n  ( 9 2 ) i n s t e a d  o f  from e q u a t i o n  ( I 9 ) .  The r e l a t i o n s  
an a lo g o u s  to  ( 2 2 ) w h ich  h o ld  in  an e l e c t r o - m a g n e t i c  f i e l d  
a r e  ( r e f .  l o ) ,  \
1 » 2 , 3 , 4 ) ......................... (33)
i . e .  ( p .  (3 = 1 , 2 , 3 )
and ( p ,  . ( 3 3 ) '
I -  L )(L 
oi* (me + 7 V) V" =
( 5 ) .  A RELATIVISTIC SECOND ORDER WAVE EQUATION.
In  t h e  s p e c i a l  t h e o r y  o f  r e l a t i v i t y  we have  t h e  w e l l  -
I
known r e l a t i o n s h i p  between  th e  momenta;
m^ c"" -  ^ P y  -  m^c^ = 0   ( 3 4 )
I f  we r e g a r d  t h e  momenta as  o p e r a t o r s  a c t i n g  upon a wave
f u n c t i o n  ^  we may w r i t e
[pt -  ^ . P s  -  Pc] +  = 0  (35)
Where p^ = me, and p^ = m^c.
(15)
S u b s t i t u t i n g  t h e  o p e r a t o r s  g iv e n  by e q u a t io n s  (9^)* we 
o b t a i n
^ t  • • • ( 3 6 )
We s h a l l  nov/ deduce t h e  fonn  which  must be t a k e n  by t h e  
’’p r o b a b i l i t y  d e n s i t y ” in  a cco rd an c e  w i th  th e  wave e q u a t i o n
( 3 6 ) .
The e q u a t i o n  which i s  t h e  complex c o n j u g a t e  o f  ( ^ 6 ) iS|
E q u a t io n  ( ^ 6 ) i s  now m u l t i p l i e d -  in  f r o n t  by y  and equa­
t i o n  ( ^ 6 )* by ^  . Then, s u b t r a c t i n g ,
4 ' ^ i  e
h c
V I f
1. A.,
f  d iv  I Lp g r a d  (j/ -  yy g rad  Ip -  -----------  A ^
o r
where
and
if Ttim c 
h
^  + d l v ( ^ v )  = 0 ( 3 7 )
V
tn .c
V =
4 TTlm,
kp g r a d  Ip -  Vp g rad^ j -  -   ----- A p\|y
. ( ) 8 )
E q u a t io n  (9 7 ) i s  t h e  f a m i l i a r  e q u a t io n  which e x p r e s s e s
( l é )
t h e  c o n s e r v a t i o n  o f  a q u a n t i t y  o f  d e n s i ty y O  moving w i t h  a 
v e l o c i t y  v .
D i ra c  h a s  c r i t i c i s e d  t h e  second  o r d e r  e q u a t i o n  ( 9 6 ) and 
in  p a r t i c u l a r  t h e  form o f  t h e  p r o b a b i l i t y  d e n s i ty y O  d e r iv e d  
from  i t .  ( r e f .  1 1 ) .
• On c o n s i d e r i n g  t h e  e x p r e s s i o n  ( 9 8 ) fo ry O  we n o t i c e  t h a t  
t h e  v a l u e  i s  n o t  n e c e s s a r i l y  p o s i t i v e ,  w h i l s t  a n e g a t i v e  
d e n s i t y  i s  m e a n i n g l e s s .
An even more s e r i o u s  d i f f i c u l t y  i s  as f o l l o w s .  The g e n e r a l  
p r i n c i p l e s  o f  wave m echan ics  demand ( r e f .  1 2 ) t h a t  t h e  p r o b ­
a b i l i t y  d e n s i t y  s h o u ld  be  g i v e n  byyO = vj; no m a t t e r  what t h e  
form  o f  t h e  wave e q u a t i o n .  ( I f  t h e r e  were s e v e r a l  components 
IpiOf we would have  4* )•  I f  we were t o  adop t
t h i s  v a l u e  f o r  yO how ever ,  t h e  e q u a t i o n  ( 9 7 ) would n o t  be 
s a t i s f i e d .  Hence t h e  p r o b a b i l i t y  o f  l o c a t i n g  a p a r t i c l e ,  and 
a l s o  t h e  e l e c t r i c  c h a r g e ,  would n o t  be c o n s e r v e d .
These  d i f f i c u l t i e s  d o . n o t  a r i s e  i n  t h e  c a s e  o f  t h e  ap p ro x ­
im ate  e q u a t i o n  ( 2 0 ) .  E x am in a t io n  o f  t h e  manner by which equa­
t i o n  ( 9 7 ) was d e r i v e d  shows us im m e d ia te ly  t h a t  th e  d i f f i c u l t ;  
i s  due t o  t h e  p r e s e n c e  o f  t h e  second o r d e r  te rm  • Hence 
we deduce  t h a t  t h e  t r u e  wave e q u a t i o n  must be o f  t h e  f i r s t  
o r d e r  in  ^  . Now i n  r e l a t i v i t y  p h y s i c s  t h e r e  i s  a lways sym­
m e t ry  be tw een  t h e  space  and t im e  c o - o r d i n a t e s ,  hence  we 
c o n c lu d e  t h a t  th e  wave e q u a t i o n  sh o u ld  be  o f  th e  f i r s t  o r d e r  
i n  a l l  t h e  v a r i a b l e s .
( 1 7 )
( 6 ) THE FIRST ORDER WAVE EQUATIONS.
C o n s id e r  t h e  b a s i c  e q u a t i o n  (35)»  which i s  t r u e  i n  ze ro  
f i e l d ,
[ p t  -  -  P » ]  0
T h i s  e q u a t i o n  i s  t o  be  c o n s i d e r e d  as b e in g  d e r i v e d  from 
t h e  unknown t r u e  wave e q u a t i o n s  which  a r e  o f  t h e  f i r s t  o r d e r .
D i ra c  assumed t h a t  t h e  f i r s t  o r d e r  e q u a t i o n s  co u ld  be r e p ­
r e s e n t e d  in  t h e  form
p  to(,P, + ‘^ jP3 °   (39)
Where t h e  q u a n t i t i e s  a r e  H e r m i t i a n  m a t r i c e s  w i t h  ’n ’ rows 
and ’n '  co lum ns .  I f  ’n ’ i s  l e s s  t h a n  f o u r  i t  i s  im p o s s ib le  
# -  t o  f i n d  a s e t  o f  4 s u i t a b l e  m a t r i c e s .  D i r a c  assumes t h a t  t h e
c o r r e c t  v a l u e  o f  ’n ’ i s  4 , and t h a t  t h e  m a t r i c e s  o p e r a t e  
upon a  fo u r -co m p o n e n t  f u n c t i o n  ( p  such  t h a t
( n , l , =  1 , 2 , 3 , 4 ) . . . (40)
t h u s  we o b t a i n  f o u r  f i r s t  o r d e r  e q u a t i o n s
p  + + < ,p j  *4  " °   ( 4 1 )
We now m u l t i p l y  e q u a t i o n  ( 4 I )  i n  f r o n t  by t h e  o p e r a t o r
p  - < P ' j
T h i s  g i v e s  u s  t h e  e q u a t i o n  ( 3 5 ) f o r  each  o f  t h e  components
( 18 )
o f  p  p r o v id e d  t h e  m a t r i c e s  and obey t h e  an t i-com m ut 
a t  io n  law
= 2 ^ ........................................................ (42)
1 ,
= 0 , i f  m ^ n
where  0^^= i ,  i f  m -  n
The c h o ic e  o f  m a t r i c e s  f u l f i l l i n g  t h e  c o n d i t i o n s  (42)  i s  
l a r g e l y  a r b i t r a r y .  I t  must be  shown t h a t  t h i s  a r b i t r a r i n e s s  
l e a d s  to  no d i f f i c u l t i e s  i n  t h e  a p p l i c a t i o n  o f  t h e  t h e o r y .
We n o te  t h a t  i f  we t a k e  two d i f f e r e n t  s e t s  o f  H e r m i t i a n  
m a t r i c e s  and 0(  ^ each  s a t i s f y i n g  e q u a t i o n s  ( 4 2 ) i t  i s  
a lways p o s s i b l e  t o  f i n d  a u n i t a r y  m a t r i x  S w i t h  f o u r  rows 
and f o u r  columns such  t h a t
 ^ - I  +
-  8 o(^S = S S
D i r a c ’ s e q u a t i o n s  may b e  w r i t t e n  i n  te rm s  o f  t h e  m a t r i c e s
f t h e  c o r r e s p o n d in g  wavei f u n c t i o n s  b e in g  ,
I I I ' 1  (
Pt •'■TjP, + 4 .p^  Y" "  0
i . e .  P| So(,S 4 p ^ S < S  + p , 8 ^%S + P . s V . s j ' 4 =  0 . .  (43)
On m u l t i p l y i n g  i n  f r o n t  by S we o b t a i n  D i r a c ’ s e q u a t i o n  
w i th  t h e  o p e r a t o r s  > t h e  wave f u n c t i o n  b e in g  now
4 ») = 8 ij/N
Now a l l  t h e  q u a n t i t i e s  h av in g  any p h y s i c a l  s i g n i f i c a n c e
■ x'.
( 1 9 )
( o r  t h e  i n t e g r a l s  o f  su ch  e x p r e s s i o n s )  where A i s  a l i n e a r
and H e r m i t i a n  o p e r a t o r  c o n t a i n i n g  t h e  m a t r i c e s  o(  ^ . On ch a n -
/
g in g  from a system  i n  t o  a sy s tem  i n  we f i n d  t h a t  A 
becomes A where
/ -I 
A = S A S
b u t
= ^  CpS A 8 pN ( s i n c e  8  ^ = 8 )
H ence 4 "  “ ^
 ^ y
Thus t h e  q u a n t i t i e s  h a v in g  p h y s i c a l  s i g n i f i c a n c e  do n o t  
change t h e i r  v a l u e  on chang ing  t h e  m a t r i c e s  • T h e r e f o r e  
t h e  a r b i t r a r y  c h o i c e  o f  t h e s e  m a t r i c e s  does  n o t  a f f e c t  t h e  
p h y s i c a l  a p p l i c a t i o n  o f  t h e  t h e o r y .
The f o l l o w i n g  s e t  o f  m a t r i c e s  w i l l  be used  th r o u g h o u t  t h i s  
p a p e r ;
0 0 0
0 0
0 0
0 0 0 i
0 0 - i 0
i 0 0
- i 0 0 0
( 20)
I#
0 0 1 0 ^
0 0 0
1 0 0 0
0 -1 0 0
1 0 0 o'
0 1 0 4
0 0 -1' 0
0 0 0 -1
(44)
With t h i s  c h o i c e  o f  m a t r i c e s  D i r a c ’ s e q u a t i o n s  can  be  
w r i t t e n  .
(P t  + Pc )<li f  (p, + i - Pz ) 4 f  + p ^ 4  = 0  4
(P è  + P « ) 4 ^ +  (P, -  IPi  ) 4a -  P , 4 t =  0
(Pt  -  P e ) 4 j  t  (P, + iPi  )4^ J. + Pj 4^-  0
(Pt -  P. ) 4 f  + (P' -  l P z ) 4  -  P 3 4 “ °  y
T here  i s  a f u r t h e r  d e g r e e  o f  a r b i t r a r i n e s s  a p p a re n t  i n  t h e  
c h o i c e  o f  m a t r i c e s .  We have assumed t a c i t l y  t h a t  t h e  q u a n t i t y  
p^ shod.Id be m u l t i p l i e d  by t h e  u n i t  m a t r i x  i n  e q u a t i o n  ( 9 9 ) .
I
T h i s  a s su m p t io n  a p p e a r s  t o  g i v e  a s p e c i a l  d i s t i n c t i o n  t o  t h e  
t im e  c o - o r d i n a t e .  We can  t r a n s f e r  t h i s  p re -em in a n ce  t o  any 
o t h e r  co-oidLnate .  Fo r  exam ple ,  l e t  u s  m u l t i p l y  e q u a t i o n  (99)  
in  f r o n t  by  Yo • We t h u s  o b t a i n
where
<Pt +/5.P, +y^ i.P^  */^3Pz + P .jY -  0 ...................... (45)
l ^ i  = ( j  = 1 , 2 , 3 )
We s e e ,  however,  t h a t  t h e  m a t r i c e s  a r e  a n t i - H e r m i t i a n  
and t h e r e f o r e  e q u a t i o n s  such as  ( 4 5 ) seem l e s s  a c c e p t a b l e  
t h a n  t h e  fo rm  ( 9 9 ) .
( 21 )
T h is  a p p a r e n t l y  s p e c i a l  p o s i t i o n  o f  t h e  t im e  component 
i s  l o s t  when we u s e  Minkowski c o - o r d i n a t e s .  The momentum p^ 
i s  r e p l a c e d  by - i p ^  , and we can now w r i t e  D i r a c ’ s e q u a t io n  
( 9 9 ) in  a number o f  a l t e r n a t i v e  forms l i k e  ( 4 5 )* i n  e a ch  c a s e  
one o f  t h e  m a t r i c e s  w i l l  be a n t i - H e r m i t i a n  w h i l s t  t h e  rem a in ­
d e r  a r e  H e r m i t i a n  o r  v i c e - v e r s a *
(7 )  THE RELATIVISTIC INVARIANCE OF DIRAC’ S EQUATIONS.
We s h a l l  employ Minkowski c o - o r d i n a t e s ,  t h e  f i r s t  o r d e r  
e q u a t i o n s  ( 4I )  b e i n g  w r i t t e n
{ - i p ^  f  + P x ] 4 «= 0  (Lé)
M u l t i p l y i n g  in  f r o n t  by  i ^ ^ ,  we have
+ IP .j 4 «  “  0
I f  we now i n t r o d u c e  t h e  m a t r i c e s  d e f i n e d  by
X "  1 ; X  “ ; X  = ; X  " '  • • (L7)
we f i n d  X  + X, ^  = 2  (4-8)
where = 1 i f  n = m
= 0 i f  n ^  m
The m a t r i c e s  a r e  e a s i l y  seen  t o  be  H erm it ian *
We a r e  now a b le  t o  w r i t e  D i r a c ’ s e q u a t i o n s  i n  t h e  more 
sy m m e t r ic a l  form
( 2 2 )
+ I P . j  4 "  = 0 ( /X “ 1 , 2 , 3 , 4 )  . . . .  (49 )
We now s u b j e c t  t h e  c o - o r d i n a t e s  t o  a g e n e r a l  L o re n tz  
t r a n s f o r m a t i o n ,  t h a t  i s ,  a r o t a t i o n  in  Minkowski s p a c e .
A f o u r - v e c t o r  such  as  t h e  momentum t r a n s f o r m s  a c c o r d in g  
to  t h e  law
Pm = / , ^ m«p I ............................................... (50)
 ---
i s  t h e  t y p i c a l  component o f  a m a t r i x  Q w i th  f o u r  rows and 
f o u r  co lum ns.  S in c e  we a r e  co n c e rn ed  w i th  r e c t a n g u l a r  co ­
o r d i n a t e s  we can  w r i t e
Q,»   (51)Lf\
The f o u r t h  component o f  a f o u r - v e c t o r  in  t h e  Minkowski 
con t inuum  b e in g  im a g in a ry ,  t h e  m a t r i x  Q i s  n o t  r e a l  in  
g e n e r a l .
A f t e r  t h e  change o f  ax e s  t h e  e q u a t i o n  (49)  becomes
......................................................... <5 2 )
Now i f  we w r i t e
X =   (53)
e q u a t i o n  ( 5 2 ) becomes
jCPp + -  0 . . . . . .  (54)
S in ce  t h e  m a t r i x  Q i s  n o t  p u r e l y  r e a l  we se e  t h a t  t h e
(23 )
V '
m a t r i c e s  I  ^ a r e  n o t  in  g e n e r a l  H e r m i t i a n .  They can, however, 
be  shown t o  obey t h e  same law o f  n o n - commutât io n  as  t h e
m a t r i c e s  YL *
r
A f t e r  Neumann, we s h a l l  en d eav o u r  t o  r e p r e s e n t  t h e  t r a n s ­
f o r m a t i o n  ( 5 9 ) in  t h e  form
. , X  '  A  (55 )
We n o t i c e  t h a t  s i n c e  ^  i s  n o t  H e r m i t i a n  t h e  o p e r a t o r  / \
i s  n o t  u n i t a r y ,  t h a t  i s  é [ \
I t  i s  n e c e s s a r y  t o  show t h a t  t h e  t r a n s f o r m a t i o n  (55)  i s  
p o s s i b l e .  However we se e  t h a t  i f
t h e n  -  (A a )
Thus i f  t h e  r e l a t i o n  ( 5 5 ) i s  t r u e  f o r  an i n f i n i t e s i m a l
r o t a t i o n  o f  t h e  axes  i t  i s  c l e a r l y  t r u e  f o r  a f i n i t e
r o t a t  i o n .
Now i n  t h e  ca se  o f  an i n f i n i t e s i m a l  r o t a t i o n  we can pu t
V   (5 é )
Where e^^ i s  a v e r y  s m a l l  q u a n t i t y .  To s a t i s f y  t h e  c o n d i t i o n  
o f  o r t h o g o n a l i t y  ( 5 I )  we have e^^ = -  e ^  .
In t h e  c a s e  o f  i n f i n i t e s i m a l  r o t a t i o n s  t h e  m a t r i x  f\ i s  
v e ry  n e a r l y  e q u a l  t o  th e  u n i t  m a t r i x ,  and we assume
-I M  (57)
h en c e______________________ A = 1 -  ^ __e^^T^'"____________________
- Which g iv e s  us
(24)
ÿ n y
Where T i s  an a n t i - symmetric m atr ix  which must be chosen  so  
th a t
X v . ^ =  ^
Hence  from  ( $ 6 )  and ( 57i
X * Z / J r -  [  1 -  I  f  t  /
| | - ;  Thus [ X  T -t T ' - y J
We a r e  t h u s  a b l e  t o  f i n d  m a t r i c e s  A f o r  i n f i n i t e s i m a l  r o t ­
a t i o n s .  Hence i t  i s  p o s s i b l e  t o  s a t i s f y  t h e  r e l a t i o n  ( 55 ) 
2 . f o r  a l l  r o t a t i o n s .
^  S u b s t i t u t i n g  from  ( 5 5 )  i n  ( 54 ) we o b t a i n
r \
X  A  p /  + ip. 4  "  0
m u l t i p l y i n g  i n  f r o n t  b y  /\ we o b t a i n  D i r a c  * s e q u a t i o n s  i n
th e  new c o - o r d in a t e s ,
yPp + = 0   ( 5 8 )
w h ere  ’ ^
(25)
t h a t  i s  = y   ( 5 9 )
We t h u s  s e e  t h a t  D i r a c ’ s e q u a t i o n s  a r e  i n v a r i a n t  t o  a 
L o r e n t z  t r a n s f o r m a t i o n .  The m a t r i c e s  %  rem ain  un ch anged  on 
c h a n g in g  t h e  a x e s  w h i l s t  t h e  wave f u n c t i o n s  (j /^transform  
a c c o r d i n g  t o  t h e  law ( 5 9 ) *  I t  must  be n o t i c e d  t h a t  d o e s  
n o t  t r a n s f o r m  as  a f o u r - v e c t o r .
( 8 )  THE FORMALISM OF DIRAC'S THEORY.
The f o r m a l i s m  o f  D i r a c ’ s t h e o r y  i s  a n a l o g o u s  t o  t h a t  o f  
n o n - r e l a t i v i s t i c  wave m e c h a n i c s .  We m u s t ,  h o w e v e r ,  a lw a y s  
make a summation o v e r  t h e  s u f f i x e s  o f  ^  . T h er e  a r e  a l s o  
o p e r a t o r s  s u c h  a s  , w h ic h  do n o t  a p p e a r  i n  t h e  o l d e r  v/ave 
m e c h a n i c s ,  w h ic h  o p e r a t e  upon t h e  s u f f i x e s  o f  l|/ .
At t h e  v e r y  f o u n d a t i o n  o f  t h e  new t h e o r y  we h a v e  c o n s id er ed ]  
t h e  form  o f  t h e  p r o b a b i l i t y  d e n s i t y y O  a s  d e r i v e d  from  t h e  
s e c o n d  o r d e r  e q u a t i o n  ( 5 6 ) ,  and n o t e d  D i r a c ’ s  c r i t i c i s m  o f  
t h e  r e s u l t  g i v e n  b y  e q u a t i o n  ( 5 8 ) .  We must  now c o n s i d e r  t h e  
c o r r e s p o n d i n g  e x p r e s s i o n  i n  t h e  new t h e o r y .  W r i t i n g  D i r a c ’ s 
e q u a t i o n  and t h e  co m p lex  c o n j u g a t e  e q u a t i o n  we h a v e
Ç * T - '  *  * *  ,*
M u l t i p l y i n g  t h e  f i r s t  o f  t h e s e  e q u a t i o n s  i n  f r o n t  b y  cj., 
and t h e  s e c o n d  by  and s u b t r a c t i n g ,  we o b t a i n ,  on making
tj
(2é)
a sum m ation o v e r  t h e  s u f f i x e s  o f
^  + d iv  3 = 0    (6o)
where yO = ^  j
. i   (61 )
^—*K)
d r
d r
where   ^ i s  t h e  o p e r a t o r  w i t h  com p o n en ts  o{^.
E q u a t io n  (6o) r e p r e s e n t s  t h e  c o n s e r v a t i o n  o f  t h e  p r o b a b ­
i l i t y  o f  l o c a t i n g  t h e  p a r t i c l e .  The f l o w  v e c t o r  j = yOv, 
where v  i s  t h e  v e l o c i t y  o f  f l o w  r e p r e s e n t e d  by  -  c df •
The wave f u n c t i o n  Ip i s  n o r m a l i s e d  by w r i t i n g
- 1
y ........................ (62 )
i - e -  J?  .
Where d r  i s  an e le m e n t  o f  vo lum e w i t h i n  t h e  domain D.
W i t h , e v e r y  q u a n t i t y  h a v i n g  p h y s i c a l  s i g n i f i c a n c e  w i l l  b e  
a s s o c i a t e d  a l i n e a r  and H e r m i t i a n  o p e r a t o r  A, w h ic h  w i l l  i n  
g e n e r a l  o p e r a t e  b o t h  on t h e  c o - o r d i n a t e s  and on t h e  s u f f i x e s  
o f  Ÿ •
The o b s e r v a b l e  v a l u e s  o f  t h e  q u a n t i t y  a s s o c i a t e d  w i t h  A 
w i l l  be  t h e  p r o p e r  v a l u e s  'a* o f  t h e  e q u a t i o n
A<j)^= (n = 1 , 2 , if) • • ( 6 j )
T h er e  i s  t h u s  a p r o p e r  f u n c t i o n  w i t h  f o u r  c o m p o n en ts
(27)
( r»')» ^ c o r r e s p o n d i n g  t o  t h e  p r o p e r  v a l u e  a ^ .  In  t h e  n o n -  
d e g e n e r a t e  c a s e  t h e  p r o p e r  f u n c t i o n s  w i l l  be  o r t h o g o n a l .  I f  
t h e r e  i s  d e g e n e r a c y  we ca n  make l i n e a r  c o m b i n a t i o n s  o f  t h e  
d e g e n e r a t e  p r o p e r  f u n c t i o n s  su ch  t h a t  t h e  r e s u l t i n g  f u n c t i c n s  
a r e  o r t h o g o n a l .  Thiis i n  g e n e r a l  we c a n  w r i t e
( t  = 0 (6if)
  '
and t h e  f u n c t i o n s  a r e  n o r m a l i z e d  i f  we ha v e
X ( 4 ). ( i ) « d ^ - l   ( 65 )
y  ‘w ' '
Each o f  t h e  com p onents  Cp, o f  t h e  wave f u n c t i o n  can b e  e x p ­
anded a s  a s e r i e s  in  t e r m s  o f  t h e  p r o p e r  f u n c t i o n s  (<|w )n , 
t h u s
 (66 )
where  t h e  t e r m s  c^  ^ a r e  c o n s t a n t s ,  t h e  s q u a r e s  o f  t h e i r  
m o d u l i  r e p r e s e n t i n g  t h e  p r o b a b i l i t y  o f  o b s e r v i n g  t h e  c o r r e s ­
p o n d in g  p r o p e r  v a l u e s .  Hence t h e  mean v a l u e  o f  A i s  g i v e n  by
Â = y a j c , j ^  = dTr ........................ • (67 )
"-'«I (4) "
A l s o  t h e  com p onents  o f  t h e  m a t r i x  A a r e  g i v e n  b y
y H ' < x ) A   (68)
(28)
(9) th e  conse rvat io n  OF ANGULAR MOMENTUM.
We must now c o n s i d e r  t h e  meaning o f  t h e  c o n s t a n c y  o r  
c o n s e r v a t i o n  o f  a q u a n t i t y  i n  o u r  new wave m e c h a n i c s .  I f  we 
d i f f e r e n t i a t e  w i t h  r e s p e c t  t o  t h e  t i m e  t h e  m a t r i x  e l e m e n t  A 
as e x p r e s s e d  by  e q u a t i o n  ( 6 8 )  we o b t a i n
^ ( ^ a ) « -  ^  ( a  H -  H A)|  (f^ I dT  . . ( 69 )
^  i s  t h e  p a r t i a l  d i f f e r e n t i a l  c o e f f i c i e n t  o f  A o b t a i n e d  b y
f o r m a l  d e r i v a t i o n  w i t h  r e s p e c t  t o  t ,  and H i s  t h e  Hamiltonian.
I f  t h e  q u a n t i t i e s  A^^ a r e  t o  be  c o n s e r v e d  ~ ^ ^ m u s t  be z e r o  
and h e n c e  t h e  i n t e g r a l  i n  ( 6 g )  must v a n i s h  f o r  a l l  v a l u e s  o f  
Ip , t h u s
■ ^  (A H -  H A) “ 0 . . . . .  ( 7 0 )
now, s y m b o l i c a l l y .
h e n c e  ( 7 0 )  becom es
R A -  A R = R , A]  = O   ( 7 1 )
' 'h e r e    ( 7 2 )
Hence a q u a n t i t y  w i l l  be  c o n s e r v e d  i f  t h e  c o r r e s p o n d i n g  
o p e r a t o r  A commutes w i t h  R, o r  , i n  t h e  c a s e ,  where  A d o e s  n o t  
depend  e x p l i c i t l y  upon t h e  t i m e ,  i f  i t  commutes w i t h  H.
A p p ly in g  t h i s  t e s t  t o  t h e  e n e r g y  and momentum o p e r a t o r s
(29)
we can  d e m o n s t r a t e  t h e  c o n s e r v a t i o n  o f  t h e s e  q u a n t i t i e s .
The moment o f  momentum, h o w e v e r ,  p r o v i d e s  a s p e c i a l  
p r o b le m .
The a n g u l a r  momentum o f  a p a r t i c l e  about  t h e  z - a x i s ,  
i s  r e p r e s e n t e d  b y  t h e  o p e r a t o r
'  ( M j  = xpy -  yp ,  = -  y A )  • • • ( 73 )
C o n s i d e r  t h e  c a s e  w h ere  t h e  f i e l d  o f  f o r c e  i s  c y l i n d r i c a l l y  
s y m m e t r i c a l  a b o u t  t h e  z - a x i s .  In t h i s  c a s e  i t  i s  found  t h a t  
i s  c o n s e r v e d  a c c o r d i n g  t o  t h e  o l d  wave m e c h a n ic s  where t h e  
H a m i l t o n i a n  i s  o f  t h e  s e c o n d  o r d e r  w i t h  r e s p e c t  t o  t h e  s p a c e  
c o - o r d i n a t e s . In t h e  new t h e o r y  t h i s  ho l o n g e r  a p p l i e s .
L e t  u s  c o n s i d e r  t h e  v a l u e  o f  I R , (M2. ) ,
(M^) must commute w i t h  St Ixl ^  Po and w i t h  ~ V
s i n c e  t h e r e  i s  c y l i n d r i c a l  sym m etry .
Now t h e  o t h e r  te r m s  g i v e
R , (M^)j = ) » wcT ( ^ ^  -  )]
3 ,2h e n c e R f (Mz )j “ ^ J  j  ............................ (74)
Hence (M^) d o e s  n o t  commute w i t h  R. I t  i s  h o w ev er  p o s s i b l e  
t o  f i n d  an o p e r a t o r  c o n t a i n i n g  (M%) w h ic h  d o e s  commute w i t h  R. 
C o n s i d e r  t h e  o p e r a t o r
(Nz ) = (M2) +
on e v a l u a t i n g  t h e  comm utator  IR , (N^ ) we f i n d
[:5 , (N, )
( 30 )
= R (N^) -  ( % ) R  = 0 ...................................... ( 75 )
Hence  t h e  q u a n t i t y  c o r r e s p o n d i n g  t o  t h e  o p e r a t o r  (N%) 
i s  c o n s e r v e d .  The moments o f  momentum a b o u t  t h e  o t h e r  a x e s  
may b e  t r e a t e d  s i m i l a r l y  and we f i n d  f i n a l l y  t h a t  a q u a n t i t y  
N . i s  c o n s e r v e d  where
N = M + 3 . . . . . . .  ( 7 6 )
S i s  t h e  s p i n  a n g u l a r  momentum and i s  r e p r e s e n t e d  by
(s) =  (77)
w here  ^  i s  a H e r m i t i a n  o p e r a t o r  w i t h  com p onents
; C  -  • * * ( 78 )
I t  can  be  shown e a s i l y  t h a t  t h e  co m p onents  o f  ^ h a v e  p r o ­
p e r  v a l u e s  t  1 .  We t h u s  s e e  t h a t  t h e  t o t a l  a n g u l a r  momentum 
i s  c o n s e r v e d  i f  we add t o  t h e  o r b i t a l  moment o f  momentum o f  
a p a r t i c l e  t h e  s p i n  moment o f  momentum, w h o se  v a l u e  m easured
in  any d i r e c t i o n  i s  j t - — . As we saw i n  p a r a g r a p h s  ( 1 ) and/fTC
( 2 ) ,  t h i s  i s  t h e  v a l u e  t h a t  was p r o p o s e d  f o r  t h e  s p i n  o f  t h e  
e l e c t r o n  b y  U h le n b ec k  and G o u d s m it , i n  t h e i r  s e m i - e m p i r i c a l  
a t t e m p t  t o  s o l v e  t h e  p r o b le m s  o f  f i n e - s t r u c t u r e  and t h e  Zee­
man e f f e c t .  The r em a r k a b le  f e a t u r e  o f  D i r a c ’ s  t h e o r y  i s  t h e  
f a c t  t h a t  t h e  c o r r e c t  v a l u e  o f  t h e  s p i n  o f  t h e  e l e c t r o n  i s  
dedu ced  a u t o m a t i c a l l y  i n  t h e  d e r i v a t i o n  o f  a t h e o r y  o f  r e l a t -  
i v i s t i c  wave m e c h a n i c s .  We n o t e ,  h o w e v e r ,  t h e  e x i s t e n c e  o f  
p a r t i c l e s  ( P h o t o n s ,  Mesons ( r e f . l ^ ) )  h a v i n g  o t h e r  v a l u e s
( 31 )
f o r  t h e i r  s p i n  momenta. Here i s  a p p a r e n t l y  a l i m i t a t i o n  t o  
t h e  a p p l i c a t i o n  o f  D i r a c ’ s e q u a t i o n s  i n  t h e i r  p r e s e n t  form
Let  u s  now c a l c u l a t e  t h e  mean v a l u e  o f  • T h i s  i s  
g i v e n  by  e q u a t i o n  ( 6 / )  i n  t h e  form
r
i . e .  N, = 4,1 + % Ip T  - 44 + j • . . ( 79 )
We i n t e r p r e t  t h i s  e q u a t i o n  by  s a y i n g  t h a t  t h e  p r o b a b i l i t y  
t h a t  t h e  v a l u e  o f  t h e  s p i n  i n  t h e  z - d i r e c t i o n  i s  4*— i s  g i v e n  
by
w h i l s t  t h e  p r o b a b i l i t y  t h a t  t h e  v a l u e  i s  -  —  i s  g i v e n  by
l^X
T l .
( 10) DIRAC’ S EQUATIONS IN AN ELSCTRO-MAGNETIC FIELD
We s h a l l  now d e r i v e  t h e  s e c o n d  o r d e r  e q u a t i o n  f o r  a  p a r t  
i c l e  i n  an e l e c t r o - m a g n e t i c  f i e l d ,  on t h e  b a s i s  o f  D i r a c ’ s  
f i r s t  o r d e r  e q u a t i o n s .
(32)
We o p e r a t e  w i t h
[ p t  -  -  ^0 p» |
upon t h e  e q u a t i o n  ( 5 9 )  w h ich  we w r i t e
| p t  ^  y  ijPj + ^ .  Poj 4 ' -  0
T a k in g  a c c o u n t  o f  t h e  n o n -c o m m u ta t io n  r e l a t i o n s  ( 42 ) we
o b t a i n
p t  " Y ,P i  " -  P; Pf )
-  y  ('^ AP; P k - \ % P ;  )]4 =  0 . . .  ( 8 0 )
The two sum m ations  can  be  e x p r e s s e d  i n  t e r m s  o f  t h e  e l e c ­
t r i c  and m a g n e t i c  f i e l d  s t r e n g t h s  b y  u s i n g  e q u a t i o n s  ( j j ) *  
and ( 2 7 ) ,  t h e n
( 81 )
y < ( p , Pj -  Pi Pt ) = -  j è f e  + <<3 J3]
y % P , P k - % P )  ) =
i S u b s t i t u t i n g  t h e s e  v a l u e s  i n  ( 8 0 )  t h e  s e c o n d  o r d e r  
e q u a t i o n  t a k e s  t h e  form
p t  " y ^ S  -  P- -  )
 ^ (<4» j^K,+fl4«r,K2fo(,^2Kj ) ] / 4  = 0 . . .  (82)
(33) .
The n o v e l  f e a t u r e  o f  t h i s  e q u a t i o n  l i e s  i n  t h e  t e rm s  in  
s q u a r e  b r a c k e t s .  T h e i r  i n t e r p r é t â t  i o n  becomes a p p a r e n t  i f  we 
w r i t e  S c h r o e d i n g e r ’ s e q u a t i o n  ( 20 ) a s  f o l l o w s
2 ra c p^  -  /  p^ . -  2 m U> 0  ( 8 j )
' 'j J
On com paring  t h e  l a s t  two e q u a t i o n s  we se e  t h a t  t h e  t e rm s  
in  sq u a re  b r a c k e t s  i n  (8 2 )  c o r r e s p o n d  t o  a p o t e n t i a l  e n e rg y  
te r ra  U m u l t i p l i e d  by  2 m. Assuming t h a t  t h e  mass a p p r o p r i a t e  
t o  t h e  new t h e o r y  i s  t h e  p r o p e r  mass , we o b t a i n  t h e  two 
p o t e n t i a l  en e rg y  t e r r a s .
....................... ( 84 )
", '  Ï & :  " n ' '  " J  .................
T hese  te rm s  may be c o n s i d e r e d  to  be  d e r i v e d  f rom  a p r o p e r  
m a g n e t ic  moment X and a p r o p e r  e l e c t r i c  moment Y o f  t h e  
p a r t i c l e ,  whose components  a r e  g iv e n  by
X, = B Xz= B 10(3q(, ; B 1
I .  . . . ( 8 6 )
= B ' Yi= B l^ L  ; Y,= B !(%  . j
UHere B s t a n d s  f o r  t h e  quan t  i t  y f which  in  t h e  c a s e s
o f  t h e  e l e c t r o n  and p o s i t r o n  i s  e q u a l  t o  t h e  Bohr m agneton .  
The f i r s t  s e t  o f  e q u a t i o n s  (86)  may be w r i t t e n
r ^X = B ^ = vA.c(S) .   ( 8 7 )
(24)
where (^s) i s  t h e  s p i n  a n g u l a r  momentum d e f i n e d  by e q u a t i o n  
(77)  and ^  i s  t h e  H e r m i t i a n  o p e r a t o r  d e f i n e d  by  e q u a t i o n s  (78) 
The r a t i o  o f  t h e  p r o p e r  m ag n e t ic  moment t o  t h e  s p i n ,  g i v e n  by 
e q u a t i o n  ( 8 7 ) ,  a g r e e s  w i th  t h e  v a l u e  p ro p o sed  f o r  t h e  e l e c t r o n  
by  U hlenbeck  and G o u d sm it .
D i r a c ’ s t h e o r y  th u s  g i v e s  an acco u n t  o f  t h e  s p i n  and p r o ­
p e r  m agnetism  o f  t h e  e l e c t r o n .  I t  a p p e a r s  t h a t  t h e  r e s u l t s  
o b t a i n e d  above s h o u ld  a p p l y  t o  a l l  e l e m e n ta r y  p a r t i c l e s ,  p r o ­
v id e d  t h a t  we i n s e r t  t h e  a p p r o p r i a t e  v a l u e s  o f  e and m^• We 
must n o t e  t h a t  e x p e r i m e n t a l  r e s u l t s  o b t a i n e d  f o r  p r o t o n s  and 
n e u t r o n s  do n o t  a g re e  w i t h  e q u a t i o n  (87)  ( r e f .  I 4 ) .
The e q u a t i o n s  (86)  i n d i c a t e  t h a t  in  a d d i t i o n  t o  t h e  r e a l  
m a g n e t ic  moment o f  a p a r t i c l e  t h e r e  i s  an im ag in a ry  e l e c t r i c  
moment. F r e n k e l  ( r e f . 1 5 )  b a s  shown t h a t  i n  t h e  c a s e  o f  a 
moving p a r t i c l e  t h e  r e a l  m ag n e t ic  moment w i l l  g i v e  r i s e  t o  
an a d d i t i o n a l  r e a l  e l e c t r i c  moment, w h i l s t  t h e  im a g in a ry  
e l e c t r i c  moment g i v e s  r i s e  t o  an im a g in a ry  m agne t ic  moment, j
The d e r i v a t i o n  o f  t h e  e l e c t r i c  and m ag n e t ic  moments g i v e n ^  
above i s  n o t  e n t i r e l y  s a t i s f a c t o r y .  In  comparing e q u a t i o n s  
(82)  and (83)  we assumed t h a t  t h e  q u a n t i t y  ra© i s  t h e  t r u e  
r e p r e s e n t a t i v e  o f  mass in  t h e  new t h e o r y .  Now we have s e en  i n  
e q u a t i o n  (61)  t h a t  t h e  ’’c l a s s i c a l "  v e l o c i t y  ’v ’ i s  r e p l a c e d  
in  D i r a c ’ s t h e o r y  by a v e r y  d i f f e r e n t  q u a n t i t y ,  t h a t  i s  t h e  
o p e r a t o r  -  cO( . We might  w e l l  suppose  t h a t  a s i m i l a r  diCTiculty 
would a r i s e  in  t h e  r e p r e s e n t a t i o n  o f  m ass .  That  t h i s  i s  indeed 
t h e  c a s e  i s  i n d i c a t e d  by a c a l c u l a t i o n  due t o  G o rd o n . ( r e f .16 )
( 25 )
H is  r e s u l t s ,  which  we s h a l l  n o t  c o n s i d e r  in  d e t a i l ,  i n d i c a t e  
t h a t  t h e  m ag n e t ic  moment s h o u ld  be w r i t t e n
X ^  ( 8 8 )
T h i s  r e s u l t  may be i n t e r p r e t e d ,  a c c o r d in g  t o  F r e n k e l ,  
( r e f . 1 7 ) ,  by c o n s i d e r i n g  t h e  s i m i l a r i t y  be tw een  D i r a c ’ s equ­
a t i o n  (59)  and an an a lo g o u s  f i r s t  o r d e r  e q u a t i o n  i n  s p e c i a l  
r e l a t i v i t y  m e c h a n ic s .  The l a t t e r  may be deduced from t h e  
w el l -know n e x p r e s s i o n
m c  = m c  ( 1 - ^ )  . . . . . . .  (89)
hen c e
c
m c“'= (1 (1
where p r e p r e s e n t s  t h e  momentum m v .
We t h u s  o b t a i n  an e x p r e s s i o n  f o r  t h e  e n e rg y
W = H t  ( p . v )  + m^c (1 -  -^ )"■ . . .' . . (90)
Now D i r a c ’ s e q u a t i o n  ca n  be w r i t t e n  in  t h e  s t a n d a r d  form
(H = D •
where t h e  H a m i l to n ia n  o p e r a t o r  H c o r r e s p o n d s  t o  t h e  en e rg y
W, and may be w r i t t e n ,  from ( ^ j ) '  and ( ^ 9 )>
H  =  U - ( c p . o ( ) -  m ^ c ^ o ^ ^   (91)
H ence,  comparing (90)  and (91 )  we f i n d ,  as  b e f o r e ,  t h a t  i n
(36)
t n e  new t h e o r y  t h e  v e l o c i t y  v i s  r e p l a c e d  by  -  c • We a l s o  
f i n d  t h a t  t h e  o p e r a t o r r e p l a c e s  t h e  q u a n t i t y  - ( 1 - ^ * - ) ’’t h a t  
i s ,  t h e  r a t i o
F r e n k e l  t h e n  assumes t h a t  t h e  mass i n  e q u a t i o n  (8 ^ )  i s  t h e  
r e l a t i v e  mass m, which i n  t h e  new t h e o r y  w i l l  be r e p l a c e d  by
Thus on comparing e q u a t i o n s  ( 82 ) and (8^ )  we f i n d  t h a t  t h e  
m a g n e t ic  moment i s  g iv e n  by (88 )  i n s t e a d  o f  by ( 8 / ) .  More 
im p o r ta n t  s t i l l ,  t h e  components  o f  t h e  e l e c t r i c  moment become
Y, = ; Y^= B Y^» B . . ( 92 )
The s i g n i f i c a n t  f e a t u r e  o f  t h i s  r e s u l t  i s  t h e  f a c t  t h a t ,  
u n l i k e  e q u a t i o n s  ( 8 6 ) ,  t h e  e q u a t i o n s  (9^ )  p r e d i c t  a r e a l  
e l e c t r i c  moment.
L .de  B r o g l i e  ( r e f . 18 ) o b t a i n s  t h e  r e s u l t s  (88 )  and' (92)  
by  a somewhat d i f f e r e n t  a rg u m en t .  He o b s e r v e s  t h a t  i n  D i r a c ’ s
e q u a t i o n s  (44)  t h e  s i g n  o f  t h e  q u a n t i t y  P o (= m^c) i s  d i f f e r e n t
\
i n  t h e  f i r s t  p a i r  o f  e q u a t i o n s  compared w i t h  t h e  second  p a i r .  
I f  we o p e r a t e  on each  o f  t h e  f o u r  f u n c t i o n s  ( j^w ith  we
o b t a i n
-  ~ “
\  . ( 92 )
-  <  m. 43= ; -<,m. 4 * = m. vj/f i
Thus a mass m^  i s  u sed  in  c o n j u n c t i o n  w i t h  t h e  f u n c t i o n s  
and <1^ ,^ w h i l s t  a mass -  i s  u sed  i n  c o n j u n c t i o n  w i t h
(37)
t h e  f u n c t i o n s  4 i  The c h o i c e  o f  s i g n  i s  made so  t h a t
t h e  p o s i t i v e  mass i s  u se d  w i th  t h e  f u n c t i o n s  v/hich,  a s  we 
s h a l l  s e e  in  t h e  n e x t  p a r a g r a p h ,  p r e d o m in a te  in  t h e  
" c l a s s i c a l "  c a se  o f  low v e l o c i t i e s .
In  com paring  t h e  e q u a t i o n s  ( 82 ) and (8^)  de B r o g l i e  a s s u ­
mes t h a t  we a r e  co n c e rn e d  w i t h  t h e  p r o p e r  mass mo , which he  
r e p l a c e s  by -m^ = -m^/Y^ . Hence we a g a in  o b t a i n  t h e  r e s u l t s
(88)  and ( g 2 ) .
These  d i f f e r e n t  a rgum en ts  due t o  de B r o g l i e  and F r e n k e l  
a r e  s e e n  t o  l e a d  t o  t h e  same r e s u l t s .  T h e i r  d i f f e r e n c e  l i e s  
i n  t h e  manner  in  which a r e s u l t  i s  deduced  in  t h e  new wave 
m echan ics  b y  a n a lo g y  w i t h  t h e  known r e s u l t s  i n  non­
r e l a t i v i s t  i c  Wave m e c h a n ic s .
I f  we a c c e p t  t h e  a rg u m en ts  o u t l i n e d  i n  t h i s  p a r a g r a p h  we 
a r e  l e d  t o  t h e  c o n c l u s i o n  t h a t  t h e  e l e c t r o n  and o t h e r  ch a rg e d  
p a r t i c l e s  p o s s e s s  a r e a l  p r o p e r  e l e c t r i c  moment d e f i n e d  by 
e q u a t i o n s  ( 9 2 ) .
We must n o t e  t h a t  C a t t e r m o le  and W ilson  ( r e f . 19 ) have 
p u b l i s h e d  a t h e o r y  o f  t h e  e l e c t r o n ,  b a s e d  on K a l u z a ’ s t h e o r y  
o f  r e l a t i v i t y ,  which  g i v e s  no e l e c t r i c  moment, r e a l  o r  
im a g in a ry .
j ( l l ) .  PLANE WAVES IN DIRAC’ S THEORY^
Let u s  c o n s i d e r  t h e  e q u a t i o n s  ( 44 ) i n  t h e  ab sen ce  o f  any 
f i e l d  o f  f o r c e .  In  t h i s  c a s e  t h e  r e l a t i o n s  , (22 )  ^ t a k e  t h e
( 38 )
s im p le  fo rm
=
E q u a t i o n s  ( 44 ) t h e n  become
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T hese  e q u a t i o n s  have  p la n e -w a v e  s o l u t i o n s  o f  t h e  form 
4 "  ®N ®xp. -  ^ ^ W t  -  ( p . q ) ( 96 )
S u b s t i t u t i n g  i n  e q u a t i o n s  ( 95 )»
w~  + m„ c > a, + P, + iP i )  Pj Sj = 0 A
t  m,c > a ^ f Pi -  iPz S "  P3«. 0
W
c
V
c
m c  ^ a ^ t  jp ,  -  i P i f  a, -  Pj 8 i  = 0
-  m.c ®3 + p + ip^> a t Pa a ,  = 0
> ( 97 )
/
The c o n d i t i o n  t h a t  t h e s e  e q u a t i o n s  s h o u ld  be  s a t i s f i e d  f o r
( 29 )
n o n - z e r o  v a l u e s  o f  a ^  i s  t h a t  t h e  d e t e r m in a n t  formed f rom  
t h e  c o e f f i c i e n t s  o f  t h e  a m p l i tu d e s  a^ i s  z e r o .  On e v a l u a t i n g  
t h i s  d e t e r m in a n t  we f i n d
t h a t  i s W = i  c r s f  mf o'" + p^
(98 )
( 99 )
The c o n d i t i o n  (98 )  i s  a u t o m a t i c a l l y  s a t i s f i e d ,  s i n c e  i t  
i s  t h e  w el l -k n o w n  r e l a t i o n s h i p  o f  s p e c i a l  r e l a t i v i t y  mechanics.
We s h a l l  c o n f i n e  o u r  a t t e n t i o n  f o r  t h e  moment t o  t h e  p o s ­
i t i v e  s o l u t i o n  i n  ( 9 9 ) .  G iv in g  t h e  a r b i t r a r y  v a l u e s  A and 
t o  a^ and a^ r e s p e c t i v e l y ,  we can  d e t e r m in e  t h e  o t h e r  two 
a m p l i t u d e s ,  s i n c e
P j  A -  (p, >  ip^ ) b
a. = W
r
a, =
p_B + (p, -  iPz )A
tn^c
. ( 100)
In  t h e  c a s e  where  t h e  momenta p- a r e  s m a l l  compared w i th  
m^c we s e e  t h a t  a, and a^  a re  v e r y  s m a l l  compared w i th  a^ 
and a ^ .  In  a sy s tem  o f  c o - o r d i n a t e s  i n  w h ich  t h e  p a r t i c l e  i s  
a t  r e s t  t h e  a m p l i tu d e s  a ,  and a^ , and h en c e  t h e  wave 
f u n c t i o n s  (j., and l|/ ,^ a r e  z e r o .  Hence in  t h i s  l i m i t i n g  c a s e  we i 
have a wave f u n c t i o n  w i th  o n ly  two com ponen ts .
* The s o l u t i o n  B i s  no t  t o  be  c o n fu se d  w i t h  t h e  Bohr m agneton .
I kO)
( 12 ) THE NEGATIVE ENERGY STATES.
The e q u a t i o n  (98)  can  be s a t i s f i e d  by  t a k i n g  t h e  n e g a t i v e  
s i g n  f o r  t h e  s q u a r e  r o o t  i n  (99)  i n s t e a d  o f  t h e  p o s i t i v e .  
T here  a r e  t h u s  two p o s s i b l e  v a l u e s  o f  t h e  e n e rg y  o f  a 
p a r t i c l e  w i t h  a g i v e n  momentum, a p o s i t i v e  v a l u e  which  we 
s h a l l  c a l l  Wp , and a n e g a t i v e  v a l u e  which  we s h a l l  c a l l  ,
su ch  t h a t  = -  W p .
Taking  t h e  n e g a t i v e  en e rg y  s o l u t i o n s  we can  o b t a i n  a s e t
o f  v a l u e s  f o r  t h e  a m p l i tu d e s  a^ s i m i l a r  t o  ( l O O )  Thus
a, -  C ; = D ;
P3O -  (P | + IPz. )D
W" -  m,c  (101)
83
c
C l e a r l y  t h e  wave f u n c t i o n s  ^nd ®re n e g l i g i b l e  f o r  
t h e  s t a t e s  o f  n e g a t i v e  e n e rg y  i n  t h e  o r d i n a r y  c a s e  where  t h e  
momenta p- a r e  s m a l l  compared w i th  m^c.
The s t a t e s  o f  n e g a t i v e  e n e rg y  o f  a p a r t i c l e  a r e  an o u t ­
s t a n d i n g  f e a t u r e  o f  D i r a c ’ s t h e o r y .  The q u e s t i o n  does  n o t  
a r i s e  i n  o r d i n a r y  r e l a t i v i t y  m e c h a n ic s ,  a l t h o u g h  t h e  
a m b ig u i ty  o f  s ig n  i n  e q u a t i o n  (99)  i s  o f  c o u r s e  found  t h e r e  
a l s o . T h e re  i s  however  a d i s c o n t i n u i t y  i n  t h e  r a n g e  o f  
en e rg y  v a l u e s  o f  a t  l e a s t  2 m^c be tw een  t h e  p o s i t i v e
(41)
e n e rg y  s t a t e s  and t h e  n e g a t i v e  en e rg y  s t a t e s *  T h e r e f o r e  in  
o r d i n a r y  p h y s i c s  a p a r t i c l e  in  a  p o s i t i v e  e n e rg y  s t a t e  co u ld  
n o t  p a s s  i n t p  a s t a t e  o f  n e g a t i v e  e n e r g y .  In  t h e  quantum 
t h e o r y  we c a n n o t  e l i m i n a t e  t h e  n e g a t i v e  e n e rg y  s t a t e s  i n  t h i s  
way, s i n c e  i n  t h i s  c a s e  a d i s c o n t i n u o u s  change o f  e n e rg y  i s  
q u i t e  p o s s i b l e .
We must now see  how such  s t a t e s  o f  n e g a t i v e  e n e rg y  m ight  
be  e x p e c te d  t o  a r i s e  i n  p r a c t i c e .
A p a r t i c u l a r  c a s e  h a s  b een  examined i n  d e t a i l  by K l e i n  
( r e f . 20 ) .  He c o n s i d e r e d  t h e  i n c i d e n c e  o f  a f r e e  e l e c t r o n  
upon a p o t e n t i a l  b a r r i e r ,  t h e  change o f  p o t e n t i a l  e n e rg y  on 
c r o s s i n g  t h e  b a r r i e r  b e in g  U. T h e re  a r e  t h r e e  c a s e s ;
/ \ / Z 2,( 1 ) U / m c - m ^ c  ; t h e r e  a r e  b o th  r e f l e c t e d  and r e f ­
r a c t e d  waves ,  t h a t  i s ,  t h e r e  i s  a f i n i t e  p r o b a b i l i t y  o f  t h e  
e l e c t r o n  p a s s i n g  th r o u g h  t h e  b a r r i e r .
( 2 ) m c ^ -  m^c U m c^ + ra^c ; t h e  t r a n s m i t t e d  wave i s
im a g in a ry .
( 5 )  Ü ^  m c^ t  m^  c ; t h e r e  i s  a t r a n s m i t t e d  wave, which
i n d i c a t e s  a f i n i t e  p r o b a b i l i t y  t h a t  t h e  e l e c t r o n  w i l l  p a s s  
t h r o u g h  t h e  b a r r i e r ,  i n  which  c a s e  i t  w i l l  e n t e r  a  s t a t e  o f  
n e g a t i v e  e n e r g y .
A l th o u g h  i t  i s  i m p o s s ib l e  i n  p r a c t i c e  t o  p ro d u ce  a s t a t i c  
f i e l d  s u f f i c i e n t  t o  c r e a t e  t h e  c o n d i t i o n s  o f  t h e  t h i r d  c a s e ,  
t h e  t h e o r e t i c a l  p r o b a b i l i t y  i s  r a t h e r  d i s t u r b i n g .  We may n o t e .
(42)
how ever ,  t h a t  t h i s  p r o b a b i l i t y  becomes z e ro  i f  we assume t h a tz
t h e  p o t e n t i a l  e n e rg y  can n o t  change  by an amount m^c i n  a 
d i s t a n c e  l e s s  t h a n  h/m^c •
I f  we en d eav o u r  t o  r e p r e s e n t  any  g e n e r a l  s o l u t i o n  o f  t h e  
wave e q u a t i o n  by t h e  s u p e r p o s i t i o n  o f  a s e r i e s  o f  "monochrom­
a t i c "  p la n e  waves i t  i s  found  t h a t  t h e  waves c o r r e s p o n d i n g  t o  
p o s i t i v e  en e rg y  s t a t e s  a lo n e  do n o t  form a " c o m p le te  sy s tem "  
in  t h e  se n se  o f  F o u r i e r ’s th e o re m .  Such a c o m p le te  sy s tem  i s  
o n ly  n o r m a l l y  o b t a i n a b l e  i f  t h e  waves r e p r e s e n t i n g  n e g a t i v e  
e n e rg y  s t a t e s  a r e  a l s o  i n c l u d e d .
I t  c a n  be shown t h a t  t h e  sys tem  o f  waves r e p r e s e n t i n g  
p o s i t i v e  en e rg y  s t a t e s  w i l l  form a c o m p le te  sy s tem  p r o v id e d  
t h e  d im en s io n s  o f  t h e  wave t r a i n  a r e  c o n s i d e r a b l y  g r e a t e r  
t h a n  h /m ^c .
A d e t a i l e d  e x a m in a t io n  o f  t h e  s c a t t e r i n g  o f  e l e c t r o ­
m a g n e t ic  r a d i a t i o n  by f r e e  e l e c t r o n s  shows t h a t  t h e  D ira c  
e l e c t r o n  can o n ly  s c a t t e r  su c h  r a d i a t i o n  p ro v id e d  i t  can e n t e r  
s t a t e s  o f  n e g a t i v e  e n e r g y ,  ( r e f . 21 ) .  Thus i t  a p p e a r s  t h a t  t h e  
s t a t e s  o f  n e g a t i v e  e n e rg y  p l a y  an e s s e n t i a l  p a r t  i n  f h e  t h e o r y  
a l t h o u g h  no p a r t i c l e  h a s  e v e r  b ee n  o b s e rv e d  in  such  a s t a t e .
F i n a l l y  we must n o t i c e  t h a t  D i ra c  has  made an a t t e m p t  t o  
i n c o r p o r a t e  t h e  n e g a t i v e  en e rg y  s t a t e s  i n t o  t h e  t h e o r y  i n  a 
v e r y  n o v e l  way. He assumes t h a t  t h e s e  s t a t e s  a r e  a l l  
n o r m a l l y  o cc u p ie d  by n e g a t i v e  e l e c t r o n s  which  p ro d u ce  no
f i e l d  and a r e  i n  no way d i r e c t l y  o b s e r v a b l e .  By P a u l i ’s
(42)
e x c l u s i o n  p r i n c i p l e  we se e  t h a t  t h e  d i f f i c u l t y  p ro p o se d  by 
K l e i n  does  n o t  a r i s e  s i n c e  a l l  p o s s i b l e  s t a t e s  a r e  o c c u p i e d ,  
h en c e  t h e  e l e c t r o n  can n o t  e n t e r  a n e g a t i v e  e n e rg y  s t a t e ,  in  
, t h i s  c a s e .
I f  a s u f f i c i e n t  q u a n t i t y  o f  en e rg y  i s  g i y e n  t o  an e l e c t r o n  
w i th  n e g a t i v e  en e rg y  i t  w i l l  be r a i s e d  i n t o  a p o s i t i v e  e n e rg y  
s t a t e  and h en ce  become o b s e r v a b l e .  The " h o le "  i n  t h e  sy s tem  • 
o f  n e g a t i v e  e n e rg y  s t a t e s  w i l l  d i s p l a y  a l l  t h e  p r o p e r t i e s  t o  
be e x p e c te d  o f  a p o s i t i v e  e l e c t r o n  o r  p o s i t r o n ,  w i t h  p o s i t i v e  
e n e r g y .  B e fo re  t h e  d i s c o v e r y  o f  t h e  p o s i t r o n  t h e  " h o le "  was 
i d e n t i f i e d  w i th  a p r o t o n ,  b u t  t h e  d i f f e r e n c e  i n  mass c r e a t e d  
a s e r i o u s  o b j e c t i o n  t o  t h i s  h y p o t h e s i s .
I f  t h e  " h o le "  t h e o r y  i s  t r u e  we sh o u ld  e x p e c t  p a i r s  c o n s ­
i s t i n g  o f  a p o s i t i v e  and a n e g a t i v e  e l e c t r o n  t o  be fo rm ed ,  
f o r  example by t h e  a b s o r p t i o n  o f  h a r d  T - r a y s  o f  e n e rg y  y  2 m^c 
• T h is  phenomenon has  b ee n  o b s e rv e d  i n  c l o u d -  
chambers  u se d  in  i n v e s t i g a t i n g  cosmic r a y s ,  ( r e f . 2 2 ) .
S i m i l a r l y  an e l e c t r o n  m ight  be e x p e c te d  t o  f a l l  i n t o  t h e  
" h o le "  r e p r e s e n t e d  by a p o s i t r o n ,  w i t h  t h e  e m is s io n  o f  
r a d i a t i o n .  T h is  phenomenon a l s o  h a s  b ee n  o b s e r v e d .
The formai ism o f  t h e  " h o le "  t h e o r y  o f  p o s i t r o n s  l e a d s  t o  
s e v e r a l  u n r e s o l v e d  d i f f i c u l t i e s ,  and must be  c o n s i d e r e d  as  
p r o v i s i o n a l  o n l y .
The s t a t e s  o f  n e g a t i v e  en e rg y  c o n s t i t u t e  a f u n d a m e n ta l  
d i f f i c u l t y  i n  r e l a t i v i s t i c  wave m e c h a n ic s .  The s o l u t i o n  a p p -  
e a r s  t o  be  a s s o c i a t e d  w i t h  t h e  e x i s t e n c e  o f  a minimum d i s t ­
(44)
ance h/m^c and a minimum p r o p e r  t im e  h /m ^c^ ,  a s s o c i a t e d  v / l th  
a p a r t i c l e  o f  p r o p e r  mass m^, .
( I j )  CONCLUSION.
C.G.Darwin and W.Gordon have  su cceed ed  i n  ded u c in g  t h e  
f i n e  s t r u c t u r e  fo rm u la  f o r  t h e  s p e c t r a  o f  h y d r o g e n - l i k e  
atoms on t h e  b a s i s  o f  D i r a c ’ s e q u a t i o n s ,  ( r e f . 2j ) . T h e i r  
fo rm u la  g i v e s  f o r  t h e  en e rg y  l e v e l s ,  a p p r o x im a te l y
R h N
( 1 0 2 )
where j  = L ± g  ,
The s e l e c t i o n  r u l e s  can  be shown t o  b e
S l  = ±  1 ; $ m  = ± 1 ,  0 ; = ±  1 ,  0 .  . . . (105)
Where th e  quantum num bers L, m, j , h ave  t h e i r  u s u a l  
s i g n i f i c a n c e .
#
The a p p l i c a t i o n  o f  t h e  fo rm u la  ( 102) and t h e  s e l e c t i o n  
r u l e s  (105)  g i v e s  r e s u l t s  i n  co m p le te  agreem en t  w i t h  e x p e r i ­
ment .
S i m i l a r l y  t h e  a p p l i c a t i o n  o f  D i r a c ’ s t h e o r y  l e a d s  t o  
c o r r e c t  r e s u l t s  f o r  t h e  f i n e  s t r u c t u r e  o f  X-Ray s p e c t r a ,  and 
f o r  t h e  Zeeman e f f e c t  in  h y d ro g e n -1  i k e  and a l k a l i  a tom s.( re f .24 .)
C o n s id e r a b l e  d i f f i c u l t y  i s  e n c o u n te r e d  in  a t t e m p t i n g  to  
a p p l y  t h e  f i r s t  o r d e r  e q u a t i o n s  t o  t h e  many-body p ro b le m .  We 
n o t e ,  how ever ,  t h a t  t h i s  p rob lem  l e a d s  to  g r e a t  d i f f i c u l t y  
even in  o rd in a ry ,  r e l a t i v i t y  m e c h a n ic s .
(45)
There  a re  o t h e r  methods o f  d e v e lo p in g  and i n t e r p r e t i n g  t h e  
f i r f e t  o r d e r  e q u a t i o n s  t h a n  t h a t  d i s c u s s e d  in  t h i s  p a p e r .
Darwin and F r e n k e l  ( r e f . 25) have  drawn a t t e n t i o n  t o  t h e  
a n a lo g y  be tw een  t h e  f i r s t  o r d e r  e q u a t i o n s  o f  t h e  quantum 
t h e o r y  and M axw ell’ s e l e c t r o - m a g n e t i c  e q u a t i o n s .  In  t h e  
e l e c t r o - m a g n e t i c  t h e o r y  t h e  f i r s t  o r d e r  e q u a t i o n s  were known 
f i r s t  and t h e  second  o r d e r  e q u a t i o n  deduced from  them . In t h e  
quantum t h e o r y  we have  t h e  second  o r d e r  e q u a t i o n  ( 25 ) » ^ i c h  
i s  t r u e  in  z e ro  f i e l d ,  and we h av e  t o  f i n d  t h e  c o r r e s p o n d in g  
f i r s t  o r d e r  e q u a t i o n s .  T h is  t r e a t m e n t  l e a d s  to  t h e  same
r e s u l t s  a s  D i r a c ’ s .
In  more r e c e n t  r e s e a r c h e s  w o rk e rs  have  t e n d e d  t o  b a s e  t h e i r  
t h e o r i e s  upon K a l u z a ’ s $- d i m e n s i o n a l  r e l a t i v i t y .  The s t a r t i n g  
p o i n t  o f  t h i s  t h e o r y  l i e s  in  e q u a t i o n s  (20 )  and ( ^ 2 ) . ( r e f .2 6 )
I t  w i l l  be  n o t i c e d  t h a t  e q u a t i o n  ( 9 0 ) i s  o f  t h e  form o f  t h e  
e q u a t i o n  o f  a g e o d e s i c ,  b u t  does  n o t  r e p r e s e n t  a g e o d e s i c  in  
t h e  4- d i m e n s i o n a l  co n t in u u m .  By a d o p t in g  a f i v e  d im e n s io n a l  
c o - o r d i n a t e  sy s tem  i t  i s  p o s s i b l e  t o  make (^O) r e p r e s e n t  a 
g e o d e s i c .  The q u a n t i t i e s  ^  a r e  now components  o f  a 
c o v a r i a n t  v e c t o r  in  t h i s  cont in i ium , t h e  f i f t h  component 
b e in g  i d e n t i f i e d  w i t h  t h e  c h a rg e  on t h e  p a r t i c l e  m u l t i p l i e d  
by a s u i t a b l e  d im e n s io n a l  c o n s t a n t .  The p a t h  o f  an e l e c t r o n  i s  
assumed t o  be a n u l l - g e o d e s i c  i n  t h e  K a lu z a  s p a c e .
H . T . F l i n t  has  d e v e lo p e d  a t h e o r y  o f  t h e  e l e c t r o n  on t h e  
b a s i s  o f  K a l u z a ’ s t h e o r y  o f  r e l a t i v i t y ,  ( r e f . 2/ ) .  He assumes I
(46 )
t h a t  i n  t h e  d e s c r i p t i o n  o f  m i c r o - p h y s i c s  t h e  o r d i n a r y  l e n g t h  
and v e c t o r s  o f  m a c r o -p h y s i c s  a r e  t o  be r e p l a c e d  by m a t r i c e s .  
The wave f u n c t i o n  ijx i s  i n t r o d u c e d  as a " g u a g i n g , f u n c t i o n "  
f o r  t h e  co n t in u u m ,  on c o n s i d e r i n g  t h e  change o f  t h e  components 
o f  a v e c t o r  i n  a p a r a l l e l  d i s p l a c e m e n t .  The d e t a i l e d  c a l c u ­
l a t i o n  l e a d s  t o  D i r a c ’ s e q u a t i o n s  o f  which i t  p r o v i d e s  a new 
i n t e r p r e t a t i o n .
life-if
( i )
SYMBOLS.
Most o f  t h e  symbols used  a r e  d e f i n e d  in  t h e  t e x t  o r  a r e  
o f  w e l l -know n  c o n v e n t i o n a l  s i g n i f i c a n c e .  To av o id  any 
p o s s i b l e  c o n f u s i o n  some o f  th e  more im p o r t a n t  a r e  d e f i n e d  
b e l o w ; -
(X.Y) = t h e  s c a l a r  p ro d u c t  o f  X and Y.
[ xxyJ = t h e  v e c t o r  p r o d u c t  o f  X and Y.
[ X jyJ  = X Y -  Y X = th e  com mutator  o f  X and Y.
e = t h e  p r o t o n i c  c h a rg e  -  -  t h e  e l e c t r o n i c  c h a r g e ,
m = t h e  r e l a t i v e  m ass .  In  p a r a g r a p h  ( 2 ) ,  m -  an i n t e g e r ;
i n  p a r a g r a p h  ( 1 ^ ) ,  m = a  quantum number,  
mo = t h e  p r o p e r  mass o f  a p a r t i c l e .
p^ -  a component o f  t h e  momentum,or t h e  c o r r e s p o n d in g
wave m e c h a n ic a l  o p e r a t o r .
= Pw f- a component o f  t h e  " e x te n d e d  momentum".
Ç = a  u n i t  m a t r i x .  In  p a r a g r a p h  ( 4 ) ,  Ç = " t h e  v a r i a t i o n
o f - "  i n  p a r a g r a p h  ( 1 ^ ) ,  ^ ="a  change i n  t h e  v a l u e  o f - "
(11)
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